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I. INTRODUCTION
In recent years, modular multilevel converter (MMC) has already been widely used in high-voltage/high-power applications, e.g., high-voltage direct current (HVDC) transmission, due to its advantages, such as modular design, low switching loss, low distortion of output voltage, easily scalable in terms of voltage levels, and so on [1] , [2] . However, because of its complex internal structure, the modeling and control of MMC is much more complicated than that of two-level voltage-source converters (VSCs) [3] , [4] . In addition, the internal dynamics of MMC such as capacitor voltage fluctuations and harmonic circulating currents may have detrimental effects on the stable operation of MMC interconnected power systems, especially for applications of renewable energy integration [5] , [6] . Therefore, it is essential to consider the internal dynamics of MMC when concerning the harmonic interaction and small-signal stability issues.
In the beginning, most of the work on the modeling of MMC focused on the external characteristics of MMC [7] - [9] , where the internal dynamics were completely neglected, resulting in essentially the same models as two-level VSCs. These models truly facilitate the large power system studies on condition that enough internal damping is guaranteed in the MMC itself. However, MMC is widely used in high-voltage applications, where weak internal damping is a common phenomenon. In this case, the instability issues caused by the internal dynamics of MMC cannot be accurately identified by using the previous models. More recently, several researchers have made efforts on the modeling of MMC considering its internal dynamics [10] - [16] . Dragan et al. [10] , [11] developed the DQ model of MMC in multiple DQ rotating coordinate frames, including dc, fundamental frequency, and second harmonic, and based on this idea, Ref. [12] and [13] considered third harmonic. However, this modeling method involves lengthy algebra and is difficult to be extended to high number of harmonics. Ref. [14] - [16] derived the MMC models in the time periodic framework, which have high accuracy, but have the same shortcomings as Dragan's modeling method.
In order to accurately model the MMC and to readily extend to high number of harmonics for harmonic interaction studies, the harmonic state space (HSS) modeling method, which is able to build the multi-harmonic model of power converters, is first introduced in this paper to model a three-phase MMC. The HSS model, in which harmonics of state variables, inputs, and outputs are posed separately in a state-space form, can be used for dynamic small-signal studies and for steady-state harmonic interaction studies. A linear time periodic (LTP) system in time domain can be transformed into a linear time invariant (LTI) system in frequency domain by the HSS modeling method. The HSS modeling method has been used to model the linear time periodic (LTP) system in many fields of power systems since the 1990s [17] - [22] , for instance, buck-boost converter, thyristor-controlled reactor (TCR), and two-level VSCs. However, the HSS modeling of MMC has not so far been reported in the literature. This paper will present the HSS modeling of a three-phase MMC. The steady state and small-signal dynamic HSS models of a three-phase MMC are developed, respectively. The validity of the developed HSS models of the three-phase MMC is verified by the results from both the nonlinear time domain simulation in MATLAB/Simulink and the laboratory setup with 12 submodules per arm.
The rest of the paper is organized as follows. Section II describes the formulation of the HSS modeling. Section III presents the steady state HSS modeling of a three-phase MMC, and nonlinear time domain simulation results for validation of the developed steady state HSS modeling of the three-phase MMC. The small-signal dynamic HSS modeling of the three-phase MMC is shown in Section IV, and the time domain simulation results are also given in this section to verify the small-signal dynamic HSS model. Section V demonstrates the experimental results to further validate the developed HSS model of the three-phase MMC. Section VI concludes the paper.
II. FORMULATION OF HARMONIC STATE SPACE (HSS) MODELING
For any time varying periodic signal x(t), it can be written in the form of Fourier series as:
where ω1=2π/T, T is the fundamental period of the signal, and Xk is the Fourier coefficient that can be calculated by ( )
The state space equation of a linear time periodic (LTP) system can be expressed as
Based on the Fourier series and harmonic balance theory, the state space equation in time domain can be transformed into the harmonic state-space equation in frequency domain, which is like ( )
where X, U, A, B, and N are indicated as (5)~(9), respectively, of which the elements Xh, Uh, Ah, and Bh are the Fourier coefficients of the hth harmonic of x(t), u(t), A(t), and B(t) in (3), respectively. Note that A and B are Toeplitz matrices in order to perform the frequency domain convolution operation, Q is a diagonal matrix that represents the frequency information, and I is an identity matrix. In addition, it should be noted that the harmonic order h considered in the HSS model should be selected according to the 
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III. STEADY STATE HSS MODEL OF A THREE-PHASE MMC 
The 
The time domain state space model can be transformed into the frequency domain state space model by the HSS modeling method: (20) [ ] Letting the left side of (19) to be zero, the steady state harmonic components of the state variables can thus be calculated by
It is pointed out that the frequency domain signals obtained from the HSS model in (24) arm resistance R = 1 Ω. In addition, pure resistive load is used in this case.
As can be seen, the results between the steady state HSS model and the time domain simulation model have a good match, which
shows that the steady state HSS model of MMC developed in this paper is able to capture all the harmonics in the circulating currents and capacitor voltages, and is accurate enough for harmonic steady-state studies. In general, the circulating currents mainly contains dc and second harmonic components as well as other even harmonics which are negligibly small in normal operation, and the capacitor voltages theoretically contains all the harmonics, in which, however, the dc, fundamental, second and third harmonic components are dominant in normal cases. In addition, the ac phase currents can approximately be treated as harmonic-free.
(a) (b) Applying linearization to (10)~ (14), we can obtain 
where the subscript "0" and "s" in the insertion indices and state variables represent the steady state components, and the symbol " ∆ " means the small-signal components.
Additionally, the small-signal differential equations of the controller used in the MMC are ( ) Hence, the state space form of the small-signal model of a three-phase MMC with ac voltage closed-loop control can written as
( ) ( ) ( ) ( ) ( ) x t A t x t B t u t
where 
in which, the Toeplitz matrices
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V. EXPERIMENTAL RESULTS
To further validate the HSS model of a three-phase MMC developed in this paper, the experimental measurements on a threephase MMC laboratory setup have also been carried out. The topology of the MMC setup is identical to that in Fig. 1 . A dc power source is connected to the dc terminals of the MMC, and the three-phase resistive load is connected to the ac terminals of the MMC.
The parameters of the MMC prototype are listed in Table I Open-loop control is used in this experiment to validate the steady state HSS model of the three-phase MMC. μs that corresponds to the phase difference of 11.8 °. From Fig. 7 (c), a phase difference of approximately 12° between the two currents can be measured, which is consistent with the theoretical value. Furthermore, the small discrepancies in amplitude seen may be the results of actual parameter variations (e.g. asymmetric circuit parameters), nonlinear characteristics (e.g. dead-time effect), sampling channel difference, and so on.
The experimental results for the validation of the small-signal dynamic HSS model of a three-phase MMC will be added later.
In addition, the delay link will also be considered in the developed HSS model later. 
